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CONFiBENIiÄi 

Correction to RM-1321« Statietlcal Theory of Navigation Eiiploying 

Independent Insrtial'. .and Velocity Meaauremants i 

Minimum RMS Error tsi Computed Position 

by P. Swerling and E. Reich 

?hs fourth 111« of Eq, (II.5), p, U, should reads 

A " L11L22 " L12 
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Aiicdysis of navigation syntems  anploying independent inertial and 

velocity measureiKnta,  ooi^un in Ref, 1, i» continuad.    Explicit ft-rmlaa 

axe gi-v-en for mini^ua nna orror in confuted position as a fvmctAon < t 

tlffie of flight.    Curves based on these fannulas are presented, ehowir.g 

the reeulta tor a nunbar of Illustrative oa&ea. 
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CONfJO[NTIÄL liM-1321 

MST OK SYMBOLS 

Symbol Dafinition iäss. First ÜPeu 

x(t) vehicle poeltion at time t 1 

x(t,T) optimum ocraputork eatimat« of 
x(t) baaed on HäI  the dial 
readings up to time T 

1 

x(T) x(T;T) 1 

T nlapser' time since beginning ot 
flight 

1 

Yl» r2' 

a2' h' 

Y3' 

V Pl 

parainetera describing instroment 
error statistics 

1,2,5,16 

L^itiT ) x(tjT) - x(t) 2 

^i(T) x(T5T) - x(T) 2 

^. defined by Eq.  (II.1) 3 
1J 

0v(B,t) 

n 

defined by Eq. (in.l) IS 

accolerometer error 1 
autocorrelation function 

velocity dial error 1 
autocorrelation function 

frequency of earth's radius pendulum 3 

defined by Eq. (ll.li) U 
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I.    INTKJDUCTIOK 

Thia  report is  an axtenslcn of  the aork begun in Ref.  1.    TM.S is not 

a eall'-contained raportj rather, a reading of Ref.  1 is a necessary basis 

for the undarutanding of the following naterlal.    Repetition of expository 

material and results obtained in Ref. 1 will be kept to a mlninni«. 

The majar results of Ref. 1 were obtained Tor two cnnes. vizi 

Caao 1 0B(i5,t) - r1 

Case 2 ^yd'.t)  - Yj 

where 0 (3,t)  and 0v(s,t)  are the autocorrelation functions of the accelero- 

aater dial error and the velocity dial error, respectiTely-,    FormulaB wera 

derived for the optiraiun method of position computation in each casoj also, 

f onnnlBB were given by roeana of tmich tha nas error in computed position aa 

a function of time of flight could be derived. 

In the following pages, the actual fornmlaa for rma fsrror iri computed 

positior. «ill be givenj also,  computations based on these formulas vill be 

g-iven for a nuraber of illuatrativs caaes. 

As in Raf. 1,  let, for 0 - t - T, 

s(t) n true position at tima t 

x(tjT)  • optinua coi^puter's estimate of s:(t), baaed on all the 

dial readings up to time T. 

Lenote x(.T;T) simply by x(T). 
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02- 

(IJ) 

Also let 

Wtji: - x(t;T) - xU) 

'•x(Ti  "   ■■^(T:T)  °^(T)  " x(T) 

and 

(1.2) ^(t{T)    -    [x(t)T) -i(t)]2 

the Bjsan being takan over an ensentole of flights. 

AB in Rof. 1, the following notation ia used for description of the 

dial error atatistSc«» 

r 
OnCt) • accelesroroeter dial error o 

Cv{t) ■ velocity dial error 

y       " independent initial position dial error 
a 

CY,      ■ Independent initial velocity dial arror 

The ensoaäjle inaans of all theoe errors are zeroj also 

2 2 
(1.3) ^1     "   T3 J    ilt 

and 

(I.h) iUs.t) -  L{n)  L(t) B^;   ^ 

0v(8,t) -  Cv(a) £v(t) 

(AH averages ai-t  taken over an  ensenble of flights.) 

CONFIDENTIAL 



CONFIDENTIAL 

II.     CASE 1:     ^B(8,t)  - Y 

HM-1321 

-3- 

Let 0 ' ^0 < \ •     '• •. tn_1 - T bo n equally spaced time points in 

the int'n-val  (0,T).    Let 

(II.1) 
r>    1       r 

U [0vUiS tj) (matrix inveroe) 

Aloo let 

n-1 

AT,      - i I  ) 3 .. Bin fi t.  sin   Ht. 
L     -n i—T~        '' J i,J-o 

(II.2) 

n-1 

^12     - -0. ) ^4« Bin Jit,  coo  11% 

tTFo 
a ^^     ij 1 — - -i 

U 
n-1 

/    ^ij .0 cos  J 11.   cos   i It. 

ij-o 

and 

All-   ^   l^lj 

(II.3) A^-   Ha   lA^ 
n —> oo -    J n 

A22-    ^     A22i 
r ~»o-   L    . n 

Tho quantitlPB A^, A, ,, A22 are functions  of T. 

MT «BMB^K«.V«a ■WWWl—ll 



Cßf^FiÖENTIAL RM-1321 
5-17-514 

.ieferurce 1 gave forimüas  (Lqs.  111.16, 111.17', III.20 of K-f.  1} 

from which could be üer^id the formula for    c|(t|T).    Tho result can tot 

exprflBsed aa folloMB! 

W 

(n.U) 

(II.5) 

(II.6) 

Lot 

Yl 
Y3 

oV Y3 

and 

r 
hi-hi*-^ 

rr   3 

< ^-^ 

^2 " ^2 * Yi, 

V. 
^"hi1^ "^ 

Then, for 0 - t • T, 

CONfißENTIÄL 
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-$- 

I no quarit.T tv li    - 1 r? x(T) - x(T)!     is  etfual to  ^(TjT).    Thus 

.U.ö' 
2 

•^ (-nx-H.)^ 

4 T      aln2i7T I 

y 

These fommlaa hold for any 0v(s,t), 

In Rof. 1, explicit eocpreesions were obtained for A^, A^, A22 for the 

case: 

(11.7) Vs't) " ^2 + P2e -«2 B-t 

The rasulta were 

<"•»"    in-ÖI^(1*ft)-^(1-Jf)^2n' 
, _ Ä1 - ccs Cll) ♦ sin Hi 

♦ aln  i ll - tu      , 
^5 

2 + a- T + ^^rf 

2 -> 
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-0- 

(]l..0l. 

•4-   ,   1 ~7 i 
a2   ,' 

!T + i sin  2    iT 

"? (1 -  ros - :T)   + sin  * IT\   \-yr- 
 Jlil 

-in -TiT + 1 * coa  i~lv 

^ 
-J.S 

2 + a0T + — 
2        Y- 

(II.Bill) 

l22"7r 
i      V    ^ / 

sin 2 n.T ♦ i + cos 
2   /]T 

[«2 
8ln r) T   +   1   +   C03    111 

 2P7 
2 + ^T + TT 

9 

.6i(T) 
1/2 

£ü a In Figs. 1-7 «ro shown curves of the quantity 
-a2js-i| 

f'uncUon of T for ^(s.t)  = Yg * ß2
e «    Each ourve i8 determined 

by specification of the six statistical parametors  Y}, Y2) Y-J, Y^f o^t Pj« 

Tlie folloving table gives the parameter values associated with each 

curvd^ 

One word of explanation  at out the table is in order:    an interesting 

case is  the case in which the velocity dial arror contains a "white noise" 

co-nponont.    This  can be obtained by letting a^-)'^    and >/C- in Eq,  (II.7). 

The exponential component of  the velocity dial error then approaches white 

nclse vri.th spectra], density   K- Ver cycle. 
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Tt   '-he  rollowinr, table,  the units  for the varic>ui parameters are 

^2 Y,   i     (nautical miles)     (hours) 
n 

y    i    (nputlcal BdleB)    (hovu-s) 

2 
Y,  t    (nautical miles 1 

rh 

-2 
Y,    i     (nautjeal ntileB)^   (^'irs) 

eu  i     (hours)" 

p2  :     (nautical ndlee)    (hours) 

Tho tndividuaD. curves in Figs. 1-7 are identified by circled nurabaro. 

The parameter values asoociaUd with sach cur-ro are as followoi 

Curve No. 

V- 

10 

n 

I      12 
I  
i     13 

lli 

15 

5o.o 
^_J!1 P 1 

 PF Hag 

4— 
i.o „0010 

5O,Q 

5o.o 

i.o 

.10   ;  .10 

o.oo 

0,00 

10.0 

0.00 

5o.o 

5o.o 

.10        .10 

9.0 ->00 -^ oo    .00010 

-)C~ ^oo |.0010 

9.0 ,oo -^oo i.OOlO 

9.0 ->oo ->c» .0010 

.10    I   .10 9.0 

1.0 .010 1.0 

o<5 _> c>o   1.10 

_)   oo   '      —) oO  |1.0 

1.0 .10 1.0 —>  oo ~> c^ .10 

200        1.0 25.0 .60 2000 

200 1.0 25.0 .60 800 

50.0 

5o.o 

200      ;1.0 25.0     |    1.80 600 

200 oo 1.80 800 

5o.o 200 9.0 U00 1.80    I    2000 
■ 1  

5o.o 200 9.0 U00 .20 2000 

5o.o 200 9.0 U00 10.0 2000 

5o.o 200 9.0 Uoo 1000 2000 
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Ih mln. 30 min. .45 mlh. 1 h|r        ;    1 h^ 15 mjin. 

i    .20 i 

v' 
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.n, GASE 2:     ^7(s,t)  - Y, 

Aü 5n Case 1,  let U - t    < t,   • • • <t _,   ^ T be n equally spaced tine 

points in  (0,T). 

I^t 

(III.1) \ij <iB(\, t (matrix inverse) 

Alao let 

and 

^11 
ahS 

n-l 

(in.2) 
^12 

Ajg 

n-l 

ij-o 
^d li *j 

(III.3) 

hi 

^.2 

lim 
n->c^ 

lim 
n->oo 

An_     ■        liEl 
n—>oo 

221 
JH 

The quaniitlos  A^, A^., A-- *"• functions of T. 
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-16- 

lefeience 1 gave  formulas   Uqa• U.lli, IV. 15, IV.17 of  Kef.  1) fron 
-ry—— 

whiu, could be u^rlved  the  formula for   ^-(tjl).    The. rssalt can be ex-pressed 

as  follows; 

Let 

L.  - A^ *12 

(III.a)     /' 
1   .   1 

^2 " ^2 * Y, *   iL '2       lh 

2 
\       Ä 0    ^ ^2 "    ^12 

Thez., for 0 - t - Tj 

(in.5) 4(t»T) "ij g22-2Ki2 **   hitZ> 

and therefore 

r 
i«!  K„„ - 2 K,. T ♦    K,, T2 

;ni.5') -i(T) -r; K22-2K12T*   Kll 

Thefle fonmlas hold for any 0^8,t). 

In Ref. 1, explicit eipa«08ion8 ware obtained for A^, A^, AJJ for 

the case 

-oji-tl 
(I.TI.6) ^(a.t)  " ^ * ^e 

CGNFIOENIIAL 
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fhr   r''-'iuJ ts   .rl 0 

J ::.7i; All 

(IIl.Tii; "12 

nh{2^7)  T 

~1 i 

i - 
i ♦ 

UH.Tiil) ^M L + v i   k2*^ 
v22      T^~ T*^ 

1 + v"^5]Tr 

In Figa. 8-10 are ehown curvsa of p- ^( f) 
1/2 

as a function of T 

-aJB-t| 
for $ (e.t) » Y-   + ?Tö .    Each curve is determined by specification 

of the sil atatistioal parameters Yp Y2»  Yn, Y^» o^» P^« 

An interesting ease is  the case in which the accolaroraeter dial error 

contains a "nhite noiee" coraponent.    This can be obtained by letting a^-*• oö 

Pi     v 
arKi _i-*/t    in Eq.  (111,6).    The exponential coraponent of the acceleromater 

dial arror then approaches white noise with spectral dansity A-j per cycle. 

CONFIDENTIAL 



GONFIÜLNTIAL HM-1321 
8-17-514 

-15- 

lii the  followlnp  table,  the units  for  the various  parametort  aj-T as 

f olloKa; 

? -1 
Y,   1     (nau:ical nilca)    (hsurs)' 

2 ? 
Yj   '     (nautical milen)     (hctarn) 

Y-5   «     (nautical vMec)'1 

YL   «     (nauti  «    miles)"" (hours) 

a.   j     (hours)" 

0 -)i 
P^  t     (nautical mllü^/" (.HOOTB) 

The paranrater values aa^.^lai^d ^.tb each curve in Figo. 8-10 are 

(is follows; 

burve No. 

wrafcer ■u 1JI a TXl!|-JnLrr-r-g-jn^.--JijT-ji.L .       A,,        .-— 

50.0 I,-' .;ü     !      j.,0 -4 00 

 1 r 

2 j    0.00 I •^       <        .10 ?.!J        j      ^  „a 
__J      ! 1  —,  

o.ou 
1 

i.'.-    1    .i.o    ;    9 !      10 

^0.0 1.0 
r 

.10 1 3..0 10 

25.0 1CO0     !     1.0     I   2^0      I     10 
1 - 

0.00       1000 1.0 25.0 10 

-> 0° 

-4 0= 

800 

100 

lim ¥ 

25.0 

50.0 

.20 

.20 
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